NEW  YORK  UNIVERSJTY 

INSTITUTE  OF  h!,\THEM  ATICAL  SOEI'JCES 


AFOSR-TN-59-943  j_^^  ^,y 


25  Waverly  PU*,  Ner  Yfi**  3,  H  Y, 

z^^..     ^x^    T-y      NEW    YORK    UNIVERSITY 

Institute  of  Mathematical  Sciences 
Division  of  Electromagnetic  Research 


^^E  ET   PR/J^ 


RESEARCH    REPORT    No.    BR-29 


The  Influence  of  Edges  and  Corners 
on  Potential  Functions  of  Surface  Layers 


ROLF  LEIS 


Mathematics    Division 

Air    Force    Office    of    Scientific    Research 

Contract    No.    AF    49(638)229 

Project    No.    47500 

JUNE,    1  959 


\ 


NSW  YORK  iHnVERSITY 

Institute  of  Mathematical  Sciences 

Division  of  Electromagnetic  Research 

Research  Report  Wo.  BR- 29 


The  Influence  of  Edges  and  Corners 


on  Potential  Functions  of  Surface  Layers 


Rolf  Leis 


'l^^^  'LC^ 


Rolf  Leis 


Sidney  Borowltz        J^ 
Acting  Project  Director 


Qualified  requestors  may  obtain  copies  of 
this  report  from  the  ASTIA  Document  Service 
Center^  Arlington  Hall  Station,  Arlington  12, 
Virginia.   Department  of  Defense  contractors 
must  be  established  for  ASTIA  services  or 
have  their  'need-to-knov'  certified  by  the 
cognizant  mllitajry  agency  of  their  project 
or  contract. 


Hflw  York,  June  1959 


Abstract 

The  potential  functions  of  multiple  surface  layers 
behave  singularly  when  approaching  the  boundary  of 
the  surface.   The  degree  of  the  singularities  of 
these  functions  and  their  derivatives  are  discussed 
in  this  paper. 
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Let   S  be   an  analytic,    orlentable  surface   In  the   three  dimensional  space; 
let  p  and  q  be  tvo  points,    r(p, q)    =    |p-q|    the   distance  betveen  p   and  q,    and 
p(q)    a  function  defined  for  all   q€S.      With     -r —     we   denote  the   derivative   in 
the  normal  direction  relative  to   q€S.      The  potential  function  of  the  N-fold 


layer   p(q)    is   then  given  by 

N 

q. 


U,(P)    =/  P(,)  {^)  "   ^    as^ 


The  functions  U  (p)  are  analytic  in  the  neighborhood  of  all  points  p,  not 
lying  on  S.  U  (p)  jumps,  passing  with  p,  through  an  interior  point  of  S. 
Papers  by  Liapounoff,  Poincare  and  E.  Schmidt  (cf.  [l] )  deal  with  these  jump 

relations.   They  are  explicitly  stated  for  potential  functions  and  their  deri- 

[2] 
vatives  of  arbitrary  order  in  a  paper  by  C.  MullerL  -' .   However,  these  papers 

deal  only  with  the  behavior  of  potential  functions  approaching,  with  p,  an 
interior  point  of  the  surface.   But  for  many  problems  it  is  of  interest  to  know 
the  behavior  of  potential  functions  and  their  derivatives  when  approaching,  with 
p,  the  boundary  C  of  the  surface  S.   This  behavior  will  be  investigated  here. 
We  shall  see  that  the  potential  functions  behave  singularly  when  approaching, 
with  p,  the  boundary  C.   The  degree  of  the  singularity  will  be  given  explicitly. 

In  order  not  to  initially  burden  the  representation  with  differentia- 
bility suppositions,  let  us  for  the  present  assume  the  surface  S  and  the  layer 
function  S  to  be  analytic  and  the  boundary  ciorve  C  to  be  piecewise  analytic. 
This  assumption  will  be  restricted  to  differentiability  suppositions  of  finite 
order  in  the  last  section. 


2. 


The  differential  geometric  formalism  which  "we  need  will  be  given  in  the 

first  section  where  we  follow  the  notations  given  in  C.  Muller's  paper  ^  -* .   The 

second  section  deals  with  the  functions  U  ,  U,  and  their  gradients.   In  the  third 

o   1 

section,  the  singular  behavior  of  the  fimctions  U  and  VtJ  will  be  reduced  to 
curve  integrals  over  the  boundary  C.  These  curve  integrals  will  be  discussed 
in  Section  k.      Section  5  finally  restricts  the  differentialiability  suppositions. 


1.   Introduction 

Let  the  orientable  surface  S  be  bounded  by  the  piecewise  analytic  Jordan 
curve  C.   Let  S  have  the  follow  ing  properties: 

1.  There  exists  a  coordinate  system  for  every  point  P  of  S  (a  closed  domain), 

2.  P  is  the  origin  of  the  coordinate  system. 

5.  A  constant  c  >  0  exists  such  that  the  part  of  S  lying  in  the  interior 

12    2  2   5  2 
of  the  sphere  (x)+(x)+(x)   Sc  can  be  represented  in  the  form 

v-ipip  1222 

X  =  ({"(x   ,x   ).      <l>(x   ,x~)    is   an  analytic  function  for  all   (x   )   +   (x   )     <   c. 

k.   The   derivatives     — r-     =   <)> , , ,    -J),^  and  <t>,T  ,^     vanish  in  the   origin. 
N    X  IX  \d  \  ■L\c: 

ox 

X  12 

Thus  the  x  -axis  is  normal  to  S  in  P;  the  x  -  and  x  -  axis  are  directions 

of  principal  curvature.   Therefore,  we  briefly  call  this  coordinate  system  a 

tangent-noimal  system. 

Let  e  be  the  unit  vectors  in  the  direction  of  the  coordinate  axis; 

1 

(1.1)        x  e^^  +  x  e^  +  <t>(x  ,x   )e   =  f(x  ,x  ) 

then  represents  a  point  of  the  surface.    f  denotes  a  vector  with  the  components 


(1.2) 


^m  =  %  '  ^1112  =  *iii2^3  =  °- 


In  (1.2)  and  in  the  following  equations,  =  denotes  equal  in  the  origin  (in  P); 
Greek  subscripts  stand  for  1,2;  Roman  for  1,2,3. 

Now  we  introduce  a  new  coordinate  system  -  in  short  a  u-system  -  "by 


(1.3; 


X   =  f(u  ,u  )  +  u  n(u  ,u  J 


where  n  denotes  the  unit  vector  orthogonal  to  the  surface.   Then  we  have 
Then  we  have 


(l.ll)        ^^2^  ^  5 

^  '  N  X        J 

ou 


and  with 


(1.5) 


m 


L  f    ;   7    =  (f   f  )  , 


(1.6)    < 


I  =   (x   X,  )   =   (f  -  u^  L  f   )(f ,  -  u^  L  f   : 


=   7  -  2u^  L   +  (u^)^  L  L    . 


Let  2H  =  k  +  k  be  the  mean  curvature  and  K  =  k  k  ,  the  Gauss  curvature. 
Then,  with 


(1-7) 
ve  have 
(1.8) 


^11  =  ^1  '  ^22  =  kg  ;  L^2  =  0  ;  7^^  =  5^^  , 


,3s2 


,3,.   ,A 


r  =   (1  -  (u^)^  K)  7   -  2u-^(l  -  u^H)  L  ,^ 

|J.V  ^    '     '   'p.V  \1V 


4. 


Equation  (1.8)  represents  a  relation  betveen  tensors  which  is  valid  in  the 
point  P.  However,  the  point  P  is  in  no  way  distinguished  on  the  surface;  rather, 
to  every  arbitrary  point  of  the  surface,  there  exists  a  tangent-normal  system 
and,  consequently,  a  u-system  in  which  equation  (1.8)  is  valid.   Thus,  (1.8)  is 
valid  in  every  point  and  we  get 

(1.9)  g   =  (1  -  (u^)^)  7  -  2u^(l  -  u^H)  L  , 
and 

(1.10)  §33  =  (x,3X,3)  =  n2_-  1  ;  g^^  =  (x,3X,^)  =  (n(f,^.  u^  l'^  f^^))=  0. 

Let  e  be  det  g   and  y   be  det  j     ,    then  g/y  is  an  invariant  of  the  sur- 
face  (u  fixed)  and  we  get 

(1.11)  g  =  7(1  -  2u^H  +  (u^)^)^ 
or  with 

(1.12)  G  =  1  -  2u^H  +  (u^)^  K 
and 

(1.13)  g  =  7  G^  • 

We  get  the  Delta  operator 
in  the  u-system  by 


ik       S 


,  >  1  a  ^       ik       d 

(1.15)         A  =  —  — ^    yg  g     — ^ 

s/g     Su  Su 


(1.16)  A     =     i-^-i^G/^g^^Vi^G^ 


For  sufficiently  small  u'    we  expand 


(1.17)  Gs^'  =        Y 


j  .'     ^(j) 

j   =  0 


and  denote 


(1.18)  A.    =     JL     _^  /^      S,"!'      -^  (a        =^-A.     /^      7^'— 1 


Thus  we  get 


Lemma  1:     For  sufficiently  small  u   ve  have 


^  J    '  J         Su5  Su5 


j   =  0 
From  Lemma  1;,    it   follows   for  u  =  0  and  for  hannonlc  functions  with 


(1.19)  A     =    —       on  S 

Su^         an 


(1.20)  AU+      [  ~     -2H  —  )u     =     0. 


In  analogy  to  Lemma  1^  we  get,  by  differention  with  respect  to  u  : 


6. 


Lemma  2:     Let  the  fimction  U  be  harmonic  in  the  neighborhood  of  a  point  P. 
Then  the  derivatives  of  U  satisfy  the  recurrence  relations 

We  get  the  Nab la  operator 


(1.21)       V  =  ^  e^  +  -^  e^  +  ^  e 
Sx        Sx         Sx 

in  the  u-system  by 


(1.22)  V  U  =  g   X,  .  U,,  =  g^  (f  +  u-^  n   )  U   +  nU,^ 
We  develop  for  small  values  of  u 

(1.23)  g^''  (f ,   +  u\,  )  =  g^"  (6^  -  u^  L%  f 


5xj    fip 

p     ^       3~r    ^(j) 


.   X  I^ 


j  =  0 
and  use  the  notation 

(1.24)       V.  =  Q.-   f_   -2-  V  =7^''f^        

Then  it  follows: 


Lemma.  3;     For  sufficiently  small  u  ,  ve  have 


J  =  0 


Finally^  ve  want  to  derive  some  formulas  from  Gauss'   theorem  -which  ve 
shall  need  later  on.   Let  J  be  a  continuously  differentiable  function  defined 
on  S.   Then  we  get  for  a  sufficiently  small  surface  S'  with  the  boundary  C 


\iv 


1  ,  2 


(1.25)        J      V.  JdS=  j   Q^.)  f^^  J^^/^du  du 
S'  S' 


/   J  (  Q, . ^  f  ,  /7  ) du^  du^ 


Iv  ,    2v  ^ 
'r  Jf,^^Q^.)  u--Q(.)  u  J    dc 

C' 
Since 

/   1^   2    ^^   1^  1         ^      f       ^^ 


we  f  ind^  after  summation  over  S ' ;, 


Lemma  hi  Let  J  be  a  continuously  differentiable  function  defined  on  S. 

Then  we  have 


y,  J  dS  =  -   /  J  p.  dS  +  /  J  n.  dc 
S  C 


For  j   =  0  ve  have   from  LeramiB  h. 


8. 


Lemma  k*:        Let  J  be  a  continuously  differentiable  function  defined  in  S. 
Then  ve  have 

/  V  J  dS  =  -  2   /  n  HJ  dS  +   /  n  J  dc 


where  n  is  a  vector  normal  to  C  and  orthogonal  to  n. 
o 

Let  yY    and  o^  he  two  times  continuoiisly  differentiable  functions 
defined  on  S.   Then  ve  have 

(1.27)       /yA./dS=J   ^  ^  (/^S(j)'^iv^^^  ^^ 
S'  S' 

Iv   ^    2v 


.'^'^1,^  ^(')  <v  duW./v^A^^.^(S(.)  '?-   S^.)  u^)  dc 


C 


Iv   ^    2v  ^^ 

u  )  dc 


=  J/A.VdS.  J>^,^^,^(S(.)u2-  S(.) 


^1   P   ^^2  ^ 

Xf,    V  ,  (S(  .)  u   -  S(  .)  u  )  dc  . 


Since 


V        Iv   2    2v   ^  V         f.  =  cC      f       y*^^ 

(1.28)       s^.^=y^(S(.)  u  -  S(.)  u  )  ;  s.  =s(.)f„  >  V^   -   ,,   ,^ 


ve  find 


Lemma  5:     Let  the  functions  ^  and  <£    be  two  times  continuously 


dif f ere nti able  on  S.   Then  we  have 


VA.-<!°dS  =   /  .^A.VdS  +   /  (W  o/-^V  ^')s.dc 


or^  in  particular J 


Lemma  5*:    Let  the  functions  ^    and  06  be  two  times  continuously 
dif ferenti able  on  S.   Then  we  have 


/>'Ao(!fdS=   /  -^A  A'dS  +  /  (Vu  V»^_Zn  V  A^)dc 
J  o       J     o      J^oo      00' 


2.      The  behavior  of  potential  functions   arising  from  single   and  double  layers 
The  potential  function  of  the  single  layer  p(q) 


(2.1)  U  (p)    =      /      p(q)      ,^     .    dS 

o  J         ^     r(p,q)        c 


is   continuous   everywhere L  J.      The  behavior  of  the  potential  function  of  the 
double   layer  n(q) 

S  "^ 

approaching,  with  p,  an  Interior  point  of  the  surface  S,  is  characterized 


by  the   jump  relations^  J  •>  L  J 


10. 


(2.3)  < 


U-,         ,         =     2jtM,  +      /      |a  ■;t dS 

l|ext.  '^        J      "^  on  r 

S 


U. 


1  int. 


r        Si 


p  £  S 


p  €  S 


The   integral 


(2.4)  J     n( 


dS 


^     on      r(p,q)  q 


p  e  S 


represents  a  fimction  continuoiis  for  all  p  €  S.   Thus  U  (p)  is  not  continuous, 
passing  with  p  through  S,  but  it  is  bounded  for  all  p. 

The  gradients  of  these  functions  become  singular,  however,  when  approaching, 
with  p,  a  point  of  the  boundary  C.   To  Show  this,  we  form,  according  to  Lemma  ^, 


(2.5; 


VU   =  -  /  p(q)  V  .,  ^     ,  dS   = 
O     J  '"^^^   q  r(p,q)    q 

S 


pn 


S 


ids 


p  V  -  dS. 
'^  o  r 


From  this,    according  to  Lemma  h*,   we  get 


(2.6)        Va^   =  -    r  pn  ^  i  dS  +      /    (V^p)   i  dS  +  2   /   nUp  ±  dS   -      /   n^p  ^  dc 


The  curve  integral  in  (2.6)  becomes  logarithmically  singular^  -1 -whereas  the 
other  siirface  integrals  behave  regularly.   Thus  we  get 


Theorem  1:   The  potential  fimction  U  (p)  behaves  regularly  approaching,  with  p, 
the  boundary  C,  whereas  W  (p)  becomes  logarithmically  singular. 


11. 


¥e 


shall  now  discuss  Mj  (p)  and,  in  a  similar  way,  get 


(2.7)        -VU.     =   /   n^V    ,^   .  dS    =   r  nn  ^  -  dS 
1    J     c^n   q  r(p,q)    q     j   ^^^  .  2  r 

S  S      ^^ 


+   /   la  V  ^  i  dS  +   /   [1  V  i  dS   . 
,/     o  dn  r      J   "^  1  r 


We   discuss   the  resulting   surface   integrals   individually.      According  to   (l.20) 
and  Lenma  5*^   "^^  gst 


(2.8)  J     p.  -^  i  dS   =  2    j      ,Hn  1^  i  dS   -    j      ^  A  J  dS 

s  ^  s  s 


=  2      /      ^Ifa^idS   -      f   (A^   ^n)   ids 


ian(n     V)- (n     V)Lin>     de      . 

o     o     r       r   ^    o     o'    ^ 


C  L  J 

The   curve   integral  behaves   singularly,  like  i  ,    as  p  approaches   c'-^-'. 
According  to  Lemma  k*,   we   get,    for  the   second  integral  in  (2.7) ^ 


(2.9)  /    .  V^  A  i  as   =  -    f  (V^,)  I  i  dS  -   2    f  n  H,    ^  i  dS 


1 
o 
C 


+   /   ^-  ^^  ^  r  '^^ 


12, 


The  curve   integral  in  (2.9)  also  behaves  singularly,    like  —  .   Finally, 
for  the  third  integral  in  (2.7)^  according  to  Lemma  h,    we  have 

(2.10)       j"n  V^  i  dS  =  -  J(V^H)  i  dS  -  J^n  i  p^  dS  +  J^i  in-^  dc   . 

s  s         s         c 

Again  the  curve  integral  becomes  logarithmically  singular.   Thus  ve  get 

Theorem  2:   The  potential  function  U  is  boujided,  approaching,  with  p,  the 
boundary  C,  whereas  VU  becomes  singular   like   —  (r  being  the  shortest  dis- 
tance between  p  and  C). 


3.   The  behavior  of  potential  functions  of  multiple  layers 

In  the  last  section,  we  discussed  the  behavior  of  potential  functions  of 
single  and  double  layers  and  their  derivatives.   Now  we  want  to  extend  these 
discussions  to  the  potential  fimctions  of  N-fold  layers 


s        ^ 
To  do  this,  we  first  of  all  want  to  express  the  operator  I  ^  |   through  lower 


derivatives.  We  make  the  assumption 


/  ^  \N    1    2   ^ 


and,  according  to  Lemma  2,  get  the  recursions 


(3.5)      n^^2=  2H(N.i)  a^^^-2K[ja^-     ^      [    ) 


J    =   0 


15. 


with  the  initial  values 


(3. if)       n=l;a=0;a,  =0;f2,  =1. 
^  o         o         1         1 

1  1 

It  follows  from  (3.3)  aJ^d.  (5.4)  that  the  operators  Q         and  Q  contain  deri- 

2  2 

vatives  of  maximal  order  2N  and  that  the  operators  Q  euid  f2   contain  deri- 

vatives of  maximal  order  2W-2. 

Now  we  form  the  adjoint  operators  0  to  Q     according  to 

(5.5)     J    ya^-^  ds  =  J   ^  ^^  y  ds  +    /  x^{y,^)dc 
s  s  c 

where  V  and  «^  denote  sufficiently  differentiable  functions.  As  the  operators 
A   .  are  self -ad joint,  we  get,  for  $  ,  the  resurslon 


(3.6)        Vo   =  2(N+1)  V,  H  -  2V  ,  ./O,,  K  -   ;  .     i  .  j  $.  A^_  . 


J  =  0 


with  the  initial  values 


12         12 
(5.7)        «>^  =  1  ;   <^.  =  0  ;   0,  =  0  ;   <t,  =  1 


According  to  Lemma  5,  we  get;,  for  the  X  , 


^  H  /W+l\   n 

(3.8)        Xj^^2  =  2(N+1)  X^_^^  (Uy,^)    -   2[^l    X^   {KX,X) 

N    .  jT    r 
-     I  (J^^^o^j^  -  (^j^)v,y) 


J  =  0 


-.   x^  (A^_ .  :v,^. ) 


Ih. 


■with  the  initial  values .    ■ 

112  2 

(5.9)  X     =     X^      =     X       =     X^      =     0   . 

^■^   '''  o  1  o  1 

1  1 

From  (5.8)  and  (3-9)  it  follows  that  X   iX,X)    and  ^^w+i   ^^ '-^^    contain 

derivatives  of  maximal  order  2N-1  with  reference  to  <^  ,  and  that  X^    {X  ,X,) 

2 

and  X   {X ,  ^)    contain  derivatives  of  maximal  order  2N-3  with  reference  to  X 
X   (y,c^)  and  X     {y,X)    contain  derivatives  of  maximal  order  2N-1  with 
with  reference  to  ^. 
Thus  we  get 


Lemma,  6:     Let  the  fimction  JY  be  analytic  and  <X.    be  harmonic.   Then  there 

(^    M-    M 
exist  operators  Q,      ,    $   ,  X  defined  in  (3- 3^ 6;, 8)  with 

1    2 


and 


(k)^ '{'.*%  Ir)^ 


Jx\i^Xds=     f£<i>^^dS+Jx^{J^,X)dc     . 


s         s 

It  follows  from  Lemma  6  that 


(5-10)         u^  =  /  p  (li) ""  ^  ^  =  /  p  ^N  7  ^^  ^  /  p  S  It  ^  ^^ 

S  3  S 

S  S 


15. 


Thus^  we  have  expressed  the  function  U  through  functions  of  the  type 
U  and  U  and  boundary  integrals.   These  curve  integrals  in  (5«10)  therefore 
describe  the  singular  behavior  of  the  functions  U  (p)  approaching,  with  p,  the 
boundary  C.  We  shall  discuss  the  singular  behavior  of  these  integrals  in  the 
next  section. 

For  the  gradient  VU  we  get,  according  to  Lemmas  3  and  k, 


"•^^'     -^n^Kif^-r'^-f   f-^r';^ 


+ 

j  =  0  s 

S  J  =  0  s 


The  surface  integrals  in  (5.11)  are  again  functions  of  the  form  U^.  We  have 
now  expressed  their  singular  behavior  in  terms  of  curve  integrals  which  we 
shall  discuss  in  the  next  paragraph. 


i6. 


4.   The  singular  "behavior  of  potential  functions  arising  from  one- 
dimensional  layers 

In  the  last  section  ve  expressed  the  singular  behavior  of  potential 
functions  of  surface  layers  through  curve  integrals  over  the  boundary  C  of 
the  surface  S.   We  shall  nov  discuss  these  Integrals.   As  the  derlvates  with 
respect  to  all  coordinates  u  enter  into  the  integrands,  we  shall  discuss  in 
particular 


(^.1)      V,  =  J    p(^^  ia 


and 


(^^.2)  \,   -         pflr)   7 


N 


dc 


where   c  denotes   the   arclength  and  n   a  vector  normal  to   C  K 


We   assumed  C  to  be  plecewlse   analytic,    so  let  us   assume   that    C  =      >      C!     ^ 
where  the   C.    are   analytic   curves.      Through  partial   integration^    it 
follows   from  (4.1)   that 


1  c. 


c. 


"      -     ,J-1  ,  .  .H-j 


<-'  v„^i  -i(-^)i(i:rv^rrj><-'V(3?r)^^=.  • 


Thus  we  get '-''J 


Lemma  7:       The  function  V  (p)  becomes  logarithmically  singular  when 
approaching  C,  with  p.   For  N  &  1  there  are  additional  singularities  at  the 
comers  of  C  of  the  order  r    (r  being  the  distance  from  p  to  a  comer). 
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To  discuss  the  behavior  of  the  functions  ¥  ,  ve  represent  the  curve  C  In 
the  neighborhood  of  an  interior  point  P  in  a  tangent-normal  coordinate  system 
in  the  following  vay: 

1.  P  is  the  origin  of  the  coordinate  system. 

2.  A  constant  t  >  0  exists  so  that  the  part  of  C,  lying  in  the  interior 

2   2   2 
of  the  sphere  x  +  y  +  z   =  t^  ,  can  be  represented  in  the  form 

y  =  f(x),  z  =  g(x).   The  functions  f  and  g  are  analytic  for  x  <  t. 
5.   The  derivatives  f  and  g'  vanish  at  the  origin. 
h-.      In  P  the  direction  of  the  normal  vector  n  is  the  direction  of  the 

z-axis. 
If  P  is  a  comer  point  of  C,  we  can  continue  the  analytic  pieces  of  C 
over  P;,  so  that  P  again  may  be  considered  as  an  interior  point  (for  each  seg- 
ment separately). 

/I  ^ 
To  discuss  the  function  W,  ,  X   <   z 

1   ^  ^/_  _  j      o 

approaching  with  Q(x  ,y  ,z    )   the  /•'^^  P        ^"^x  /'  ^-i 

°     °     °  /  c=0  pX 

point  P(o,Ojo),   we  proceed  in  r-T  c=c    \t 

the  following  way:   Let  Q  be  suf- 
ficiently near  to  P.  Then  choose  a  point  P-,(c  =  c  )  so  that  Q  has  the  coordinates 
(o,y  ,z-|^)  in  the  tangent- normal  system  to  P  .   Let  P  lie  in  a  t  -neighborhood 

of  P  (t^  <  -r).   Then  we  can  write  W^  in  the  form 
o^  1  1 

(J+.5)    W^  =  W^  +  W^    with   W^  =  J   p  ^  i  dSo 
The  function  W  is  bounded;  for  W^   we  get 
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'^l"^l  2 

X  +  x(y  -   y^)    +   (z   -   z^) 


1  r      n  7  I         /  r  X  +  x^  -   y   J    +   ^z   -    z    1 


-T. 


"L-C-L       v/x  +   (y  -   y^)    +   (z   -    z^) 


0 


(f  7) 


With 


(^•7)      r  =  /x  +   (y  -   y^)  +   (z   -   z^)        ;      p  =     /y^  +   z^      ;      R  =    Jx  +   p 
VB   get 

T  n          |R^  -  r^l      |y|(Iy  -  y^  I  +  lyJ)  +  |z|(h  -  z  I  +  |z  I 

(4.8)     '  ^  -L  '                                         ^          ^                        ^          ^ 


^        ^  rR(r  +  R)  rR(r  +  R) 


=  ^(1) 
and,  by  induction,  it  follovs  that 

(^•9)  I  Ti  -  IN  I  =  '^(-ii)  ■ 

r  R  R 

Thus  ve   get 

(*.io,  Ki  .^(/|).a(i), 

p  being  the  distance  of  Q  from  the  curve  C  (  in  the  normal  plane).   The 
example  of  the  straight  line  shovs  that  in  general  the  estimate  in  (4.10) 
cannot  be  improved. 
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In  a  similar  way,  we  get,  in  the  general  case  (N  s  l) 

t"-^^'        i«n'i  -<^if  ^^)^  ^{\)    ■ 

^   R  p 

Thus  we  have 

-N 
Lemma  8;       The  function  W  (p)  becomes  singular,  like  p  ,  if  p  approaches 

the  curve  C.   p  is  the  distance  from  p  to  the  curve  C  taken  in  the  normal 

plane  of  the  curve. 

We  can  now  describe  the  singular  behavior  of  the  functions 


(■..12)     u„  .J    P  (|^)  i  as  . 

s 

As  the  curve  integrals  in  (3.IO)  contain  derivatives  of  —  of  the  maximal  order 
W-1,  we  get 

Theorem  3:.   The  potential  functions 


s 


p 

'  "  '  "  dS  W  >  1 


become  singular,  like  p  ,  if  p  approaches  the  curve  C  (p  being  the  distance 

from  p  to  the  curve  C  taken  in  the  nonaal  plane  of  the  curve)."  Besides  this, 

1-N 
there  are  point  singularities  at  the  comers  of  order  p-^    ( p-j^  being  the 

distance  from  p  to  the  comer). 


20. 


Similarly^  from  (5.11)^  ve  get 


Theorem  h:  The  potential  functions 


^H 


become  singular,  like  p  ,  if  p  approaches  the  curve  C.   There  are  point 

-N 
singularities  at  the  comers  of  order  p   . 


5.   The  reduction  of  the  differentiability  assumptions 

In  order  to  simplify  the  presentation,  we  have  so  far  assumed  an  analytic 
behavior  for  the  surface  S..  for  the  boundary  cuarve  C  and  for  the  layer  func- 
tion p.  Hovever,  this  analytic  behavior  was  not  used.   Actually,  it  is 
sufficient  to  make  differentiability  assumptions  of  finite  order.  While 
discussing  the  behavior  of  the  functions  U  in  interior  points  of  S  these 
assumptions  are  stated  in  [2J .   Thus,  let  us  confine  ourselves  to  boundary 
points.   In  discussing  the  functions  U  ,  only  derivative  of  order  N-1  occiirred. 
Thus,  we  assume  C, S  and  p  to  be  (N-1) -times  differentiable.   To  be  able  to 
introduce  the  tangent-normal  coordinate  system,  however,  C  has  to  be  at  least 
twice  (or  one-times  Holder- continuously)  differentiable.   The  layer  function 
p  has  at  least  to  be  bounded.   For  the  discussion  of  VU,  the  derivatives  of 
order  N  should  exist. 
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